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Abstral:t-The ftexural behavior of a beam is investigated in an attempt to establish a correlation
between the tensile and bending properties of strain-softening solids. Given the complete uniaxial
stress-strain relations. including the post-peak tension-softening portion. it is possible to predict
the ftexural behavior in moment-.eurvature and load~eftection relations. The results indicate that
strain·softening gives rise to enhanced bending strength in agreement with e:l;perimental data.
Conversely. given the bending responses together with the softening characteristics the complete
tensile behavior can be determined. Since bending experiments are easier to perform than uniaxial
tensile tests. this well-defined correlation provides a feasible means to obtain the entire tensile
behavior of strain-softening solids such as concrete. rocks and ceramics.

I. INTRODUCTION

The present paper is concerned with the flexural behavior of a c1.tsS of strain-softening
solids. It is now well established that many structural materials such as concrete. rocks and
ceramics often display what is called "strain softening" behavior. See for example Read
and Hegemier (1984), Balant (1984), Gopalaratnam and Shah (1985). Shah and Sankar
(1987), Reinhardt (1984), Dougill (1976), Krech (1974). Petersson (1981). Carpinteri (1985)
and Roelfstm and Wittmann (1986). Basically, this means that in a direct tensile (or
compressive) test there is a Iincar stress-strain relationship (Hookc's law) until the ultimate
strcngth (O'm) is reached. In reality, ofcourse, therc is a slight non-linearity prior to reaching
O'm, due to the development of microcracks randomly distributed within the body of the
uniformly stressed solid. Further straining beyond this point results in stress relaxation
which is the strain-softening characteristics of the material. From a physical point of view,
this softening behavior is caused by the coalescencc ofdensed microcracks within a narrow
bund (or softening zone width) of material. Outside this localized zone the rest of the
material is effectively undergoing elastic unloading. It is possible to ascribe the decreasing
stress bearing capacity in the softened material as due to the pulling out of aggregates from
cement matrices in the case of concrete (Gopalaratnam and Shah, 1985); and of grain
bridging and pull-out in the case of rocks and oxide ceramics (Mai and Lawn, 1986). One
way to describe the strain concentration of the softening behavior is the adoption of a
stress (O')-erack opening displacement (5) relationship using a fictitious single crack model
(Reinhardt, 1984; Hillerborg et aI., 1976). Alternatively, an average strain (t:) on the
continuum scale may be defined as representative of the opening displacement of the
microcracks within an elfectivc softening zone width (wt ). In this way, an effective stress­
strain constitutive relationship can be adopted in the spirit of the "nonlocal continuum"
concept (Bazant and Oh. 1983; Bazant and Chang. 1984). Of course. the crack opening
displacement in the discrete crack model and the post-peak strain in the continuum model
are then related by 5 = W,t:. The present paper chooses the latter model to describe the
strain-softening behavior.

In studying the fracture of strain-softening solids. knowledge of the tensile (f-E: (or J)
relationship is important, since this yields information on the fracture energy (G,) consumed
in the localized softened zone and also enables the crack growth resistance (R) curve to be
numerically computed (Mai and Lawn, 1986; Foote el al., 1986; Shah, 1986). In the past,
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Fig. I. Normalized plot of the assumed constitutive law [eqn (1)/ with n =0.21 and Il =0.0173.
The insert is a schem"tic showing the definitions of the relevant parameters (a.. = tensile strength.

r.. = e1"stic strain at a... R" = fracture strain "nd Il = R· fR,,).

considerable effort has been invested to design proper tensile experimentation in order to
obt~Iin the complete stress-strain curve including the post-peak regime. Particular attention
has b\..-cn given to spl.'cimen grip design. closed-loop strain control and testing machine
stiffness (Gopalaratnam and Shah. 1985). In view of these complications. it is pertinent to
ascertain whether such information can be extracted from bending test data. because
bending experiments arc more st'lble and easier to perform. In this puper we present a new
analysis which estublishes the relationship between tensile and bending properties of a class
of stmin-softening solids. It is shown thut the bending load·displacement curves cun be
an'llytically predicted if the tensile stnlin -softening and fmcture properties including the
softening zone width ure known (Section 2). Conversely, given the bending curve and the
size of the accompanied fracture process zone development, the entire tensile properties cun
be determined (Section 3). Problems related to load instabilities and bending to tensile
strength ratios as caused by the strain-softening zone width are also discussed.

2. ANALYSIS OF STRAIN·SOFTENING BEHAVIOR IN BENDING

The bending properties (Le. moment-eurvature, load-displacemcnt and stress/strain
distributions, etc.) of a uniform rectangular beam exhibiting the localized strain-softening
phenomenon are analyzed in this section within the framework of a simple beam theory.
The fundament.1I assumptions are given in Section 2.1.

2.1. Basic assumptions
In order to carry out the bending analysis. the constitutive laws for tension and

compression ofa beam clement must be specified. A review on the strdin-softening response
ofmany engineering materials reveals that the stress-strain law follows a power-law function
in the softening regime. The insert of Fig. I gives a schematic diagram of such a plot on
which the current analysis is based. When e ~ £*. where s* is the strain at which the softening
behavior begins to develop. the elastic behavior dominates where the stresses vary linearly
from zero to tJ'",. the maximum tensile stress that the material can sustain. When £* < c; < £0.
to being the separation strain (i.e. the strain at which fracture occurs). the material is in the
strain-softening region where the tensile stress (tJ') can be expressed empirically in the
following power-law equation as a function of £ :
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where a".. e*, 80 and n are material constants. Finally, when the strain exceeds £0. complete
separation of the softened material must have taken place.

Thecompression behavior, on theother hand. will be assumed linearly elastic regardless
of the magnitude ofstress, with an identical elastic modulus as in tension (Le. E == (1.../B*).
This assumption is justifiable in view ofthe compression strength for many strain-softening
solids is at least an order of magnitude higher than the corresponding tensile strength. For
example, 11", for a typical plain concrete is about 4 MPa in tension (Gopalarathnam and
Shah, 1985), but about 40 MPa in simple compression (Shah and Sankar, 1981). Accord­
ingly, the compression side ofa bent beam is most likely in the elastic regime before fracture
in the tensile zone intervened.

[n order to formulate the load-point deflection in a general fashion, a segment ofwidth
2w of the softening material is expected to occur in the mid-span of the beam whenever the
strain of the outer-fiber in the tension side reaches €*• For a given material. beam geometry
and loading configuration. this segment is expected to remain fhed (Bazant and Zubelewicz,
1988). In the present amtlysis. the width 2w is solved from the load-point deflection curve
obulined in a bending experiment As will be shown later, this Joculized softening zone
width 2w will have a significant effect on the stability of the bCi:lm.

Also invoked in the present investigution is the well-known Bernoulli-N~lvier hypoth­
esis wherein planar St.'Ctions are ussumed to remain plane under bending so that no warping
takes place ~md compatibility requirement is .mlom.ltie.llly st\tisfted. The justificulion for
strain Hnearizution was first given by MacColiough (1933) in the case ofcreep deformation.
where he argued that if non-linear bending stmins were ultowcd to take place (i.e. warping)
thc:n either each individual clement would respond differently for the same bending moment
or they could not til coherently together without creating disl.'ontinuity (i.e. violation of
comp:ttibility). Rt.,,;cntJy direct evidcnce of linear stntin distributh.>n in tl ccmmic bc,lm was
provided by Chuang et al. (1987). By putting two rows of idenlation marks in the midspan
of a four~point bend rmT. they were able to show that these two rows rcm"lincd straight
after a long period of creep deformation. Siml1ar evidem..-c was provided in the case or
composite beams of reinforced concrete and steel~concrete (Barnard and Johnson, 1965).
where the measured strain distributions are alw'lys linear but the corresponding stresses are
non-linear and discontinuous. A direct observation on the stmin field developed in a strain­
softening solid poscs an experimental chaUengc as the locnlizcd zone is so small as to render
the meaSurements meaningless. However, indirect numerical calculations using the method
of iterations do confirm this assumption of linear macrostrain distribution for strain­
softening solids (Foote et al., 1986; Wecharatana and Shuh, 1983). In view of the similarities
between strain"softening. creeping and tiber composite m..lterials, in terms of non-Iinenrity
in stress and physical process involving microcracking and cavitation, coupled with con­
firmation of numerical calculations, we are led to believe th.tt we have provided confidence
in invoking Bernoulli's assumption, at least on the continuum scale, for the cusc of strain­
softening behavior.

More recently. Bazant and Zubelewicz (1988) provided an exact nonlocal solution for
a strain-softening beam under these two provisions. They derived the boundary conditions
at the interface between the softening and the elastic regions and showed that these two
assumptions are good representations of the real material beh.tvior when compared to
solutions obtained in local analysis.. As the authors have correctly pointed out, some
researchers at present do not believe thut continuum models with strain-softening can
adequately describe the physical reality. On the other hand. such an objection is dearly
unfounded if a characteristic size lV can be defined for the material. representing the crack
band width.

The external loading mode considered in this paper is pertaining only to () > O. i.e.
monotonically increasing displacement rate such as a constant cross-bead speed as opposed
to being load-controlled. This loading mode allows full details of the softening behavior to
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be studied. Other loadings such as cyclic mode will not be considered here so as to avoid
the complication of residual stresses.

2.2. Bending analysis
Because of the complexity of the constitutive laws (see Fig. I), the bending properties

of a beam specimen can be divided into three distinct regions each of which is analyzed
separately in the following sub-sections. The analysis pertains to four-point bend con­
figurations but other geometries of bending can also be equally applied as well.

2.2.1. Elastic regime (I). So long as the outer fiber strains in the inner span of the beam
are less than e*, the beam is fully elastic and the associated deformation is completely
reversible. The bending responses can be predicted within the framework of the conventional
beam theory. At the end of the elastic regime (I) when the outer-fiber tensile strain reaches
e*, the applied load and the load-point deflection can be expressed in terms of the beam
geometry, (f", and e*, as follows:

(2)

and

(3)

where E is Young's modulus, 2L and 21 arc the major und minor spans, respectively, und
B x fI is the cross-sectional area of the beam. In addition, the uniform curvature K inside
the inner span is

and from eqn (2) the corresponding applied moment is

M = ~(f",B/I~

(4)

(5)

since M = !P(L-/).

2.2.2. Straill-.mjicllill!/ =OIlC grOlrth re.qimc (II). When the load-point displacement, 15,
exceeds 151 defined in eqn (3), the beam undergoes a transition from the clastic .regime (I)
to the strain-softening zone growth regime (II), which can be defined as the loading period
in which the outer-liber strain of the softened material located in the inner span has the
range e* ~ e ~ eo. Note that the definition here is laid down in terms of strain, regardless
of the level of the applied load, which mayor may not exceed P1 depending on the specific
constitutive luw. To predict the llexuralload versus deflection curve for u given 2w and (f­
e law (see Fig. I) we need to know the moment versus curvature relationship for the softened
beam clement of width 211'. In addition, we C'lI1 also study the stability of a beam under
constant displacement rate conditions. It will be shown that a critical zone width 2IVer exists
below which u sudden precipitious loud drop is expected in the load-displacement curve
(see Section 2.3.).

We begin the unalysis of the softened zone by investigating first the normal stress
distribution across the beam depth for an arbitrury curvature K in the regime. Figure 2
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Fig. 2. Schematic of strain and stress distributions across the beam depth in regime (II).

shows the stress and strain distributions across the beam depth. In view of the linearity in
strain (Fig. 2b) as assumed and discussed in Section 2.1, iris easy to show that the elastic
tensile zone size X at a given K is

X= e·/K (6)

from which the range of normalized X in regime (I l) can be determined. Detailed derivations
are given in Appendix A. The results are quoted here:

or

.l 1

I+JG<x<2

2).£0 < Kif < eo(l +JG)

(7a)

(7b)

based on the requirement that ell > .. > f:· at the outer fiber in tension. Here, x = X/II is
the normalized clastic zone size and G is a material parameter defined by

G = )'(.l+ 2n-).n)/(n + I) (8)

where" is the exponent of the constitutive eqn (I) and .l ( ="·/"0) is the maximum clastic
strain normalized against the separation strain to (see the insert of Fig. I). The location of
the neutral axis is at a distance (X+Z) from the tensile face (see Fig. 2) where the softening
zone depth Z is to be determined. For a fixed K, Xis fixed by eqn (6) and Zcan be computed
from the following nonlinear algebraic equation:

(9a)

where

and

D' = (1-2x)B'.

(9b)

(9c)

Here == Z/1I and eqn (9a) is derived from the condition of horizontal force balance so
that the area of compressive stress (i.e. total compression force) must be equal to its
counterpart in tension (sec Fig. 2c). Closed-form solutions for Z in terms of X or K are
available only when n is an integer and less than 4. In general, a numerical solution scheme
has to be implemented, and there might be more than one solution. However, numerical
search for the range of X which has physical meaning [eqn (7a)] indicated that only one
solution for Z exists. Further, for small ). we found an approximate analytical solution:
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Fig. 3. Sketch of the right half of a deformed bend beam consisting of a softened part AD and a
rigid portion BCD (vertical deflections are exaggerated for clarity).

:=I-~ ( 10)

to underestimate the softening zone depth by about 9% at the end of the regime (II) (i.e.
when the crack begins to form at the tensile f<tce of the bc<tm).

Once Z is solved. the position of the neutml axis is fixed for a given X or K. The
bending constitutive l<tw relating M to K can then be worked out by using moment balance
equation tv! =Juy dy. where y is the distance away from the neutml axis. Thus. we obtain
the following transcendental equations for the softened material of width 211':

, , {)'}" :(" l- II { X :}./1 = 2c' jx+2r +6x:+3:- -6.---· o. + ,
I -), .-t' 1/ + I II +_

1\ = )./x

( Ila)

(II b)

where c: = 1-.\7-: is the normalized compression zone depth: ./1 = M/au",BI/ 2
) and

" = Kfljt:u are the non-dimensional moment and curvature. respectively. The runge of t..:

for regime ([I) is 2). ~ 1\ ~ (I +JG). since 0.5 ~ x ~ ;,/(1 +JG).
Having obtained the general expressions for the softening zone depth [eqns (9)-( 10»)

and bending moment [eqn (II )]. the terminal values of Z and tv! at the end of regime (II)
where x = ),/(1 +JG) are readily available. Thus. inside this softened zone width of 2w.
the neutral plane is located at (I +JG) -I from the tensile face of the beam. viz.

at the end of regime (II) and

where

J/~ = F/(I +JG)2

(12)

(l3a)

(l3b)

We can now predict the flci<uralload-displaccmcnt curve for a composite beam con­
sisting of a central softening zone of width 2w and an elastic region of length (L - w) on
either side subject to four-point loading. Clearly. thc load-point deflection has contributions
from both the softening and elastic materials. To determine the contribution by the softening
material alone. consider the schematic sketches shown in Fig. 3 where the beam is
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Fig. 4. Schematic of strain and stress distributions in the crack growth regime (III).

composed of a softening part (AB) and a rigid material (BCD). AB has the shape of a
circular arc owing to the uniform curvature and BCD is a straight line because of its rigidity.
From the geometry of the deformed beam. the load-point deflection is

S. = (i-i) tan [arc sin (li'l\f.o)) ( 14)

where a cham on the top denotes normalized length against the beam height 11 (e.g.
i = LIN).

The elastic contribution to total () from the portion of the part BCD can be evalu.tted
using the method of strength of materials. By assuming BCD to be cantilever beam loaded
by Pl2 at C and at the free end D. the detlection can be worked out. The result is

(15)

where

( 16)

Thus. the total deflection at the load-point is the summation of these two contributions.
J.+J,. namely

(17)

This general expression for {) is applicable to a composite beam consisting of an elastic and
a softening material. [t is valid not only for regime ([[) but also for the crack growth regime
(J[[) to be discussed next.

2.2.3. Crack grOlI'I11 regimet (J[[). When the tensile edge of softened portion of the
beam reaches 1: 0• a crack will initiate there and the crack growth regime (J[[) ensues. The
term "crack" here is defined as separation of "fiber" clement rather than discontinuity in
the continuuf!l sense. Accordingly. any possible stress concentration near the "crack" tip
is not considered here.

Figure 4 gives the schematic of stress and strain distributions in this regime. [t might
be noted that the stress distribution in the softened zone ahead of a crack as sketched in
Fig. 4(c) is consistent with a blunt crack band model for softening behavior; its use being
supported by the exact non-local solution as given by Bazant and Zubelewicz (1988). Also.
note that the equality c+x+= = I no longer holds for this case. Instead. the normalized
crack size a is defined as

tThe definition of a "crack growth" regime is strictly incorrect because in addition to crack growth. the
strain softening zone also ellists albeit it is decreasing.
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a=l-c-t (18)

where t is the (normalized) tensile zone depth (Fig. 4<;) resulting from the assumed strain
distribution (Fig. 4b). Horizontal force balance derived in Appendix B, eqn (85), then
dictates that

c = vI(; t. (19)

Setting a =0 in eqn (18). we obtain the minimum curvature at which the initiation ofcrack
growth occurs. i.e.

I\: ~ I+JG (20)

for regime (Ill).
We can also define the effective crack length, a-. as (a +:) in keeping with the definition

used by m.my researchers. Thus we have

t = 1/1\:

a = 1-(1 +JG)jl\:

a- = 1-(i.+JG)jl\:

(2Ia)

(21 b)

(2Ic)

for regime (III) where I\: ~ I +JG. Further. fracture mechanics analysis permits use of the
apparent stress intensitY,factor. Kf , in pure bending as a function of effective crack length
a-:

(22a)

where K, = K,/(rr,.,J If) is the norm.alized K, and Y is a dimensionless function of u- given
by T.ad.a et al. (1973) :

(22b)

To obtain the normalized bending moment versus curvature relationship for the soften­
ing material in regime (Ill). the integral Jrry dy for the stress distribution in Fig. 4c has to
be evalmlted for "'/1. Mathematical manipulations given in Appendix 8 yield the following
analytical expression relating "II to I\: :

(23)

where F is a function of nand ). already defined in eqn (13b). This is a remarkably simple
equation stipulating the moment-carrying capacity of the beam decayed asymptotically as
the inverse square ofdeformed curvature. It should be pointed out that the transition point.
I\: = (I + JG). which separates regimes (II) and (III). can be used to check the correctness
of both analytical eqns (1Ia) and (23) and future numerical solutions in both regimes as
they arc independently derived. For example. substituting I\: = (I + JG) in eqn (23), we get
an expression for ..,/1 which agrees with that given by eqn (13a). This check assures the
correctness of both eqns (Ila) and (23) in regimes (II) and (III), respectively.

2.3. Theoretical results
We have presented in Section 2.2 the necessary equations for describing the flexural

behaviors of a beam for all three characteristic regimes. We will now show the theoretical
results using representative values of n = 0.21 and i. =0.0173 for a particular polymer
concrete studied by Krause (1980). Figure I gives a plot of the normalized stress versus
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strain relation in simple tension based on eqn (I). The separation strain. 60. is about 58
times the maximum elastic strain. r.*. demonstrating the enormous degree of ductility in the
strain-softening zone for this material. With these values of nand), we can proct."Cd to
evaluate the moment--eurvature constitutive law for the softened material by using moment
equations of (5). (II a) and (23) for the three different regimes. Equations (5) and (23)
covering regimes (l) and (III) are analytical. But because there is no closed form solution
for Z. eqn (1141) for j( must be computed numerically for the regime (II). A FORTRAN
subprogram has been developed to solve Z. the neutral axis location. for any given value
of 1<:. The solutions are then used to compute ..II from eqn (1141). The final results are
presented in Fig. 5 as a curve plotted in ..11-1<: space. The three stages are indicated in this
figure. The two ends of regime (II). X and Y. are shown to agree with the terminating point
and initiation point of regimes (I) and (III). respectively. in terms of both magnitude and
slope. assuring the correctness of the numerical solution scheme developed for regime (II).

For engineering applications it is often required to determine the maximum load­
bearing capacity of a given material. The peak load. Pm. or moment. Jim. as shown in Fig.
5 for this polymer concrete is about 20% higher than the maximum elastic load. According
to the definition of normalized ./1 (i.e. JI = M/~(1mBII~) and eqns (2). (5) and the one
immediately following eqn (5). the normalized peak load is identical to the peak moment.
namely

(24)

To examine the bending strengths for a variety of materials with different sets of (n. ;.)
values. the curves of norm.IIized peak moment. JIm. as a function of the softening exponent.
fl, arc plotted in Fig. 6 for three different values of ).. These curves show that increasing n
leads to higher peak loads approaching the limiting value of 3.0 whieh represents the
absolute maximum for bending strength. Reducing). while keeping fl constant yields similar
results. This outcome can be physically explained in terms of the enhancement of the energy­
.lbsorbing capabilities for increasing n or reducing). (sec Fig. I). Figure 6 also reveals that
for strain-softening materials with fl > 0.1. the ratio of bending strength to tensile strength
is always greater than unity. namely JIm> 1.0. These results are in good agreement with
our experience in strain-softening materials like plain concrete. For "near" non-softening
brittle materials with fl < 0.1. the bending and tensile strengths are equal; no enhancement
in bending strength is predicted.

One of our major objectives is to predict the flexural load-{iisplacement curve from a
given stress-strain relation such as the curves shown in Fig. I. Treating the curvature as an
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independent variable. the load and load-point displacement can be computed separately
from eqns (II). (23) and (17) for a given material with fixed values of nand ;,. specimen
geometry and effective softened zone width 2w. Figure 7 presents the normalized P vs 3
curves for a trio of li· in a special case wherein the material properties (n = 0.21. A. = 0.0173.
1:0 = 0.0145) and beam geometry (£ = 4, i = I) arc fixed. The points X and Y on each
curve divide the flexural behavior into the three regimes discussed earlier. It is interesting
to note that the deviation from linearity in the P-a curves at the commencement of regime
(II) (i.e. point X) can be attributed to the development of the strain-softening zone. This
prediction is consistent with the conventional understanding of microstructure in which
microcracking introduces non-linearity if n exceeds 0.1. Further, this initial softening gives
rise to strengthening in l1exure as discussed earlier. Figure 7 also shows that the wider the
softening zone. the larger the load-point displacement for a fixed load. In practice, the
ctfective zone width 2l\' can be estimated from the measured bending P-a curve according
to eqn (27) to be discussed later. In any event. three representative curves are plotted here:
(I) for 1\' = 0.15. de5 > 0 throughout the test; (2) wer = 0.09, de5 = 0 somewhere on the curve
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Fig. 7. Bending load-deflection diagrams for a trio of Ii, showing how the softened zone size can
affect the load stability conditions (n = 0.21. ;. = 0.0173. £. = 0.0145. l = 4. f = I).
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Fig. 8. Stability map for three different n values. For a given beam geometry. a larger softened zone
provides a higher degr~'C of stability: conversely. for a given w, a longer beam span produces less

degree of stability (A. = 0.0173 and go =0.0145).

such that there exists a vertical tangent on the P-~ curve; and (3) for w= 0.05, d~ < 0 for
a portion of the curve indicating the test will be unstable for displacement-eontrolled loading
conditions under which dl) has to be positive. (n this Inst case, the part of the curve for
which di; < 0 c.mnot be recorded and instability (Le. a sudden drop in load) will result.
This prediction seems to agree with P-J curves observed on mortar beam specimens using
a new loading system where the controlling parameter is the differential signal between a
load and a displacement (Rokugo t't al.. 1986; Carpinteri, 1985).

To further understand the stability conditions. a comprehensive map (Fig. 8) can be
constructed where areas of st,thle and unstable regions in the \i·-ispace are separated by a
critical border line depending on the material parameter n. Three interesting results are in
order. Firstly. for a fixed Ii' larger beams spans yield less degree of stability presumably
because larger beams spans store more elastic energy. This is consistent with the exper­
imental observations of P-J bending curves on mortar (Carpinteri. 1985; Rokugo et al.,
1986). Secondly. for a fixed value of fl. the boundary separating these two areas is a straight
line. FinalIy. the boundary line corresponding to n = 0.5 has the least slope meaning a
material with a softening exponent of one half will provide the most stable loading con­
ditions since this case generates the largest stable area on the map.

The evolution of the crack and strain-softening zone growth as the load-displacement
is increased can now be studied using eqns (21 b) and (2Ic). Take polymer concrete (Le.
" =0.21. ). = 0.0173) as an example, we plot in Fig. 9 the depth of the strain-softening
zone (2). the nominal and effective crack lengths, a and a·, as a function of the curvature
1\:. It is seen that u· is rising rapidly at the initial stage and then tapers off as the curvature
increases to values higher than unity. Thence onwards a hinge mechanism is effectively
activated under which deformation is allowed to continue without changing the load
substantially. Real crack growth docs not take place until the softened zone has grown well
over 90% of the beam depth (in this particular example chosen). Once the crack is initiated
at the tensile edge it grows rapidly while the softened zone is predicted to decrease.

The conventional fracture toughness, K" of a beam as a function of effective crack
length,to·, can also be calculated using eqns (22). Figure 10 gives such a ..R-curve" where
K, is seen to increase gradually from zero to a peak value at about 10 times (]mJH, and
then to decrease rapidly to zero: as the crack grows across the beam depth. The lalter is a

t Here. we treat the softening zone as a non-linear fracture process zone ahead of the real crack tip. Linear
elastic fracture mechanics formulae can still apply by calculating K, at the tip of the softened zone.

t It can be shown mathematically from eqn (22b) that limit rea) =0 so that K, =0 when a = H.
• ~I
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manifestation of the decreasing load required coupled with the constraint placed on the
growth of the softening zone by the free boundary of the back face of the beam.

3. TIlE INVERSE PROBLEM

3.1. Ex/rae/ill!1 /ellsile properties from beT/c/illg curve
Thus l~lr. we are able to predict the bending load-deflection curve when the geometry

and (T'f: laws of the beam. including the softening zone width. are given. We now raise a
practical issue: can we solve the iT/verse problem? That is. given a flexuralload-displacement
curve. can we obtain the materials' strain-softening response in tension? This problem is of
signilicant importance as mentioned in Section I. For if it is possible, we need only do the
simple bending experiments as opposed to the far more complicated tensile test in order to
extract the tensile softening properties, which in turn may be used for structural analyses.

From the llexural P-J curve measured in the laboratory, we can obtain the following
quantities: (I) Pl·, the point of deviation from the linear curve of regime (I); (2) P,~. the
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Fig. 10. Evolution of fracture resistance in regime (III) for n = 0.21 and), = 0.0173. indicating R­
curve behavior.
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peak load: (3) the entire tail curve in regime (HI): (4) P~. the point of departure from the
tail curve in regime (III) as defined by eqn (25): and (5) the corresponding displacement
j5~. The information from (I). (2) and (4) provides the values of the normalized moments
./1", and .II~. The information from (3) gives a clue as to the applicability of the present
1heory because it predicts the p ..() curve to assume the following quadratic form:

(25)

based on eqns (17) and (23). Indeed. Van (1988) of AT&T Bell Laboratories has plotted
the post-peak p..() curve of a tiber-reinforced glass preform on a log-log paper and found
that a portion of the data at the tail end did decay linearly with a slope of - 2.2 which is
close to the theoretical value of - 2 according to eqn (25). Furthermore, he was able to
locate the point Y separating regimes II and III as defined in Fig. 5 at the point ofdeviation
from the straight line.

Now from Fig. 6. we have the following numerical relation

.11m = fO.• n)

and from eqn (13a),

These two equations form a system of non-linear algebraic equations for the unknown
parameters ). and n. The task is to solve them as a function of Jim and ~H~ which are
prescribed by the test data. Because of the lack of an analytical expression for the first
equation, the problem is solved numerically by the Newton-Raphson iterative method. In
general. unique solutions are not guaranteed for non-linear problems. However. numerical
searching in the range of physical interest, namely P~/Pr = 0.1 - 0.7, reveals that unique
solutions exist in this range. Figures II and 12 give the solution for nand;' for P~/Pt· =0.3.
0.4 and 0.5. respectively. From Fig. II. it is noted that n varies in a narrow range between
0.2 and 0.4. Furthermore, for a given value of P~/PI·. the peak load Pm is very sensitive to
changing fl. Conversely. the solutions for A. vary widely from 0.5 down to 10 - 5 when the
normalized peak loads increase from 1.0 to 2.2. Fig. 12. In the following Section 3.2. we
demonstrate the use of these solutions in an example, where the flexural P~ curves are
measured. so as to obtain the simple tension behavior of the particular material. Once n
and ;. are determined. the complete tensile (1-6 curve including (1m. 6· and 60 can be obtained



1440 TZE-JEIl CHt:A."G and YJU-WING MAl

1 00 ~.....,--r-"""-"T"""-"""'''''''-""'T''-..,...-.,....-,.....--r-....

1.2 1.3 1.4 1.5 1.6 1.7 1.6 1." 2.0 2.1 2.2

NORMALIZED PEAK LOAD, ~m· Pm/~

Fig. 12. Solutions or). as a runction or p.. ror three values or P~/N.

from the information gathered at pro To convert the tensile (1-e relation to the (1-J curve.
the softening zone width w, in tension is required. To estimate w" consider a tensile specimen
of unit cross-sectional area containing a localized strain-softened zone width w,. energy
balance at fracture requires thatG l = w,J(1 dr.. Integration of the (1-f. curve on the softening
part. assuming the clastic portion is negligible. gives

w, = Gl(n+ l)j(I-A.)(1mf.On. (26)

The crack opening displacement 5 is simply related to the effective strain t: within the
fracture process zone by 5 = t:II', and the complete tensile (1-5 curve is thus obt.lined.

It should be pointed out that although H' in bending and w, in tension may have the
same order of magnitude. say a few millimeters. they are not necessarily equal because "',
is material dependent only [see eqn (26») while II! may also involve spc.:cimen geometry and
loading configuration [see eqns (17) and (27) below]. Given e5~ from the measured P-e5
curve in a bending experiment. the efrective softened zone width 2w can be estimated at
that point on the curve. Thus, for (5 = i5~. eqn (17) then gives

It is seen that if Ii', t:o and,,« I. the bending softening zone width is then linearly dependent
on i5~.

3.2. Example on polymer concrete
Here we use polymer concrete as an example to demonstrate the procedure ofextracting

the tensile softening behavior from the laboratory measured load-detlection curve in
bending. Flexural load-displacement diagrams for a polymer concrete have been previously
obtained (Krause, 1980; Krause and Fuller. 1984). To deduce the tensile (1-$ curve from
P-e5 curves measured by a four-point bend method, the first step is to obtain a pair of (n. A.)
from Figs II and 12. The required information are Pm. P~ and PI· from the load-detlection
diagram. For the polymer concrete studied by Krause and Fuller (1984). the values of Pm
and the ratio P~/PI· are estimated to be 1.2 and 0.3, respectively. Thus, from Fig. I I we
obtain n = 0.2 and from Fig. 12. A. = 0.0173. The next step is using the information on PI·
and e5,. obtained and the known beam geometry to calculate (1m and 6· from eqns (2) and
(3). This gives (1m = 19.4 MPa and e· = 250 p. strain. The complete (1-t: curve in tension
including the post-peak region is now determined. To obtain stress-displacement curve in
tension. we need to know the softening zone width w,. So the final step is to calculate w,
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from a given Gf according to eqn (26). f.ssuming Gf = 50 J m- 2 for the polymer concrete
(Krause and Fuller, 1984), the zone width W, is then calculated to be about 1.05 mm. With
W, known. we are able to convert the a-£ curve into the a-b curve, since &and e are related
by &= w,e. Unfortunately, no data on the a-bcurve are available for the polymer concrete
so that verification of this prediction cannot be made at this time. However, the peak load
a", = 19.4 MPa predicted is in very good agreement with the tensile strength data of 18±2.4
MPa measured by Krause (1980) using the direct splitting technique.

4. SUMMARY

We have presented a detailed investigation into the flexural behavior of a composite
beam containing a localized strain-softening zone. Three characteristic regimes are identified
for increasing strain conditions: (I) elastic (II) strain-softening zone growth and (III) crack
growth. It is shown that enhanced bending strength occurs at regime (II) provided the
strain-softening exponent (n) exceeds ::::: 0.1 and that the softening zone width (2w) has a
significant influence on the load stability in bending experiments. The fracture resistance is
also shown to increase in regime (Ill) as a function of crack length consistent with the
conventional R-curve concept.

We also presented the solutions for the inverse problem, namely, the determination of
the stress--displacement relations in simple tension from simple bending data. The solution
depends on two load ratio me:'lsurements: p... and P~IPt'. An example on polymer concrete
is employed to illustrate the step-by-step procedure in the acquisition of the final a-J
relationship in tension. We believe thut the present work provides a simple but very useful
h.'chnique to characterize a class of strain-softening solids which obey the constitutive law
given in eqn (I). Obviously. much future experimental work is required to substantiate the
theoretical analysis.

A("k'/(Iw/r'(~q,""'r''''S - We .m: grateful to J. T. Fong of the Center for Computer and Applied Mathem;tti\.'S. NIST.
for critically reviewing the manuscript. One of uS (V.-W. M;ti) also wishes tu thank the Australi.tn R\.'Search
Council fur fin'\IIcial support.
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APPENDIX A: RANGE OF X IN REGIME II

We wish to derive here the range Ii.e. the upper and lower limits) of the clastic tensile zone size X (~'C Fig,
2), At the end of regime lithe str"in "t the outer tensile fiher must he 1:0 so that a major cmclt is about to initi"te
there. Designating r as the tot,,1 tensile Tone siTe. Y: X+7.. we h"ve

lienee.

(AI)

since A. '" I:-/r.". U'lri:lUnt,,1 furce balance then requires that

1,,1_ / •. __ "j1+'!!-- ( .. _v)
l~ U",/r" - U'm~"'" n+ I '1 M ." .,

or

, 2 2t1x
(I-I')-:X +--I(Y-X).. n+

By noting that x '" ;..1' from elln (A I). these results arc simplified to

x: ;'/(1 +JG) (A2)

where G has already been defined in elln (8) of the text.
On the other hand. at the beginning of regime II or OIl the end of regime I. : : 0 and x '"' c '"' ! so that neutral

axis is still at. bUI about 10 move from. the center of the cross-section.
lienee we have derived the limilS 01'.\ in regime II to be as follows

A. I--,,·_··<x< ,
I+JG -

as indicated in eqn POI) of Ihe text.

APPENDIX B: DERIVATION OF EQN (23)

Referring to Fig. 4Ib}. the tensile zone size. I. is given by

t '"' £oiK (BI)

owing to strain linearization. Also. from Fig. 4(c), it is clear that a relationship betwecn (1, and (1.. can be
established:
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The total compression force per unit thickness of the beam acting on the section is

I-U3

(B2)

(B3)

after substituting (7< from eqn (B2). On the other hand, the total tension force per unit thickness of the beam
acting over the whole section is

(84)

after integration of tensile stresses over both the linear and non-linear parts. Equating the above two equations.
owing to the requirement of equilibrium we obtain

c = (.jG) 1 (B5)

where G is defined by eqn (8).
In addition. the equilibrium conditions also demand that internal moment be counter-balanced by the applied

moment. Thus, by taking the moment at the neutral axis for internal stresses and equating this to the applied
moment M. we have

'_ ,'. ~ I 22 (nl1..(1-).)I)[, (n+I)(I-).)IJ
M B - (F,.IB) J( + l( 2(7.. ). 1 )+ n+ I i.t+ 2(n+2) .

Substitution of c from eqn (B5). 1 from eqn (Bl) and F,. from eqn (B3) into the above equation gives

I' [2GJG , 3,,(I-;.)2J I .M/(.8U'I1.. ) = -.- +3G-)"+ ~ (Kl/ir.,,)'
A n+_ I

or

(B6)

where f' is defined byelln l3(b). Elluation (86) is then equal to elln (23) in the text.


